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Fig. 6 Individual F-functions from unequal length segments for a
free-flight projectile (D = 1.6 cm, L = 4l cm).

at the bumps and groove, F(y) is spiky, characteristic of ac-
tual projectiles.

The F-functions from individual segments are depicted in
Fig. 6. For clarity about half of them are shown at the top
and the others appear at the bottom. The contributions from
the bumps and groove are interesting. The front of a bump
produces a short N-shaped contribution and the rear pro-
duces an inverted N-shaped addition. These occur in reverse
order for a groove. Such individual contributions are not so
apparent in the full F(y) of Fig. 5c.

Acknowledgments
Funding from the Defence Research Establishment Suf-

field, Ralston, Alberta, Canada, and the Natural Sciences
and Engineering Research Council of Canada is acknowledg-
ed with appreciation.

References
1 Whitham, G. B., "The Flow Pattern of a Supersonic Projectile,"

Commun. Pure and Applied Math., Vol. 5, 1952, pp. 301-348.
2Carlson, H. W., "Influence of Airplane Configurations on Sonic-

Boom Characteristics," Journal of Aircraft, Vol. 1, 1964, pp. 82-86.
3Igoe, W. B., "Application of Richardson's Extrapolation to

Numerical Evaluation of Sonic-Boom Integrals," NASA TN
D-3806, March 1967.

4Richardson, L. F., "The Approximate Arithmetical Solution by
Finite Differences of Physical Problems Involving Differential Equa-
tions, with an Application to the Stresses in a Masonary Dam,"
Phil. Trans. Roy. Soc. London, Ser. A, Vol. 210, No. 467, 1910,
pp. 307-357.

Poisson-Kirchhoff Paradox
in Flexure of Plates

K. Vijayakumar*
Indian Institute of Science, Bangalore, India

Introduction
N a recent article1 that various plate theories (including his

. own notable contributions) concerning the Poisson-

Received Dec. 29, 1986; revision received March 11, 1987.
Copyright © American Institute of Aeronautics and Astronautics,
Inc., 1987. All rights reserved.

*Associate Professor, Department of Aerospace Engineering.

Kirchhoff boundary conditions paradox, Reissner remarked
that the problem of modifying Kirchhoff s approximations of
the displacements for an improved sixth-order plate theory has
not been completely resolved. He expected that a sixth-order
differential equation governing the deflection wQ(x,y) might
be of the form Dv2 V2w0-CV2 V2 V2w0 = #, with some
suitable factor function C. However, no way of finding this
equation has been offered until now. In the present work, it is
shown that the key to deriving such an equation lies in
Reissner's aforementioned remark, with only one slight altera-
tion. Instead of displacements, we direct our attention to the
problem of modifying Kirchhoff 's assumptions with regard to
transverse normal and shear strains.

An iterative scheme is presented here through which an
assumed state of transverse normal and shear strains can be
transformed into a new state by integration of strain-
displacement relations and equilibrium equations. Starting
with Kirchhoff's assumptions, the iterative process is carried
out to develop expressions for displacements and stresses. In
the limit, each of these expressions is in the form of an in-
finite series in which each term is a product of a known
function of thickness coordinate z and a differential expres-
sion involving mid-plane deflection wQ(x,y). The expressions
thus obtained for displacements and stresses satisfy all field
equations for arbitrary function w0(x,y). By taking the first
two terms in the series for normal stress oz and satisfying the
surface load condition, it is shown that the plate behavior is
governed by a sixth-order differential equation involving

It is indeed, in the form as expected by Reissner.

Analysis
For simplicity in presentation, a rectilinear domain

0<x<#, Q<y<b, and -#<z< +/z with reference to Carte-
sian coordinate system x,y,z is considered. The thickness 2h
of the plate is small compared to its lateral dimensions 0 and
b. The material of the plate is homogeneous and isotropic
with elastic constants E (Young's modulus), v (Poisson's
ratio), and G (modulus of rigidity) that are related to each
other by E=2(\+v)G.

The plate is subjected to asymmetric load q(x,y) along top
and bottom surfaces (z= =t/z). We assume that the boundary
conditions along the edges are prescribed so that the in-plane
displacements (u9v) and bending stresses (ax,<jy,rxy) are an-
tisymmetric in z and the normal deflection w and transverse
shear stresses (rxz9ryz) are symmetric in z. We treat the prob-
lem within the classical small deformation theory of three-
dimensional elasticity.

In the iterative scheme envisaged here, Kirchhoff's as-
sumed state of strains is expressed as

Let ez
n , y£\ and

-,(0)_n -.(())_ ft f ] \
Jxz ~ u> iyz ~u v1/

1 be the transverse normal and shear
strains at the ith stage of iteration. By substituting in strain-
displacement relations,

dw du dwyxz=-^i-+ dv dw
dx ' dz dy

integrating with respect to z and using the assumed sym-
metries in the problem, one obtains the displacments in the
form

dz (2)

(3)

and a similar expression for y ( / ) .
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In the preceding equations and subsequent equations, the
suffix n in (dz)n denotes the successive integration to be car-
ried out n times with respect to z.

From the displacements u(i), vW and the strain-displace-
ment relations

From the above procedure, we obtain

du dv
- + -

du dv
dy ' dx ' x~ dx ' y~ dy

the expressions for bending strains are obtained as

d2
<v(o= _:ixy * dxdy

(4)

and a similar expression for e^.
The shear stress-shear strain relations give

(6)

If the normal stress components are obtained from the
stress-strain relations,

——

1
IT

(7)

(8)

(9)

We notice that in the zeroth approximation in which ej0) = 0,
the normal stresses correspond to a plane strain state
whereas the plane stress state is appropriate due to the thin-
ness of the plate. Moreover, the stress components thus ob-
tained have to satisfy the three equilibrium equations

——— °v + ——— r*v + ~T— 7"yr = 0dx x dy xy dz xz (10)

(11)
(12)

If the preceding equilibrium equations are to be satisfied by
an iterative process with additive corrections to the assumed
strains ez

l), 7 ,̂ y$, we find that the determination of these
corrective terms would be unwieldy due to the resulting
coupled integro-differential equations governing these cor-
rective terms.

Fortunately, the aforementioned difficulties are overcome
in a simple manner by adopting the following steps:

1) Obtain az from Eq. (12) by integrating with respect to
z. .

2) Substitute az thus obtained in Eqs. (7-8) and solve for
ax and ay.

3) Satisfy the constitutive relation (9) and the two in-plane
equilibrium equations (10-11) by finding iterative corrections
to the assumed transverse strains ez, yxz, and jyz.

where E' —E/(\ -v2) and a similar expression for ay
i}. The

new state of strains obtained form step 3 just described is

——i-^-f * (— 7i?+— ^jck
2(1+7) J° V&t ^ /

' /z2-^2

(15)

- _ _
\-v dx

rrJz JO

where V2 = d2/dx2 + d2/dy2 and a similar expression for
7(/+1). It should be noted that the zero shear + stress condi-
tions at z= ±h are used in obtaining the expressions for
transverse shear strains.

Starting with Kirchhoff's strains Eq. (1) and carrying out
the iteration, one obtains in the limit an infinite series expan-
sion for each of the displacements and stresses. A general
term in each of these series is of the f o r m f n ( z ) L n ( w 0 ) so
that /„+!//„ is O(/z2) and Ln's are two dimensional differen-
tial operators whose orders increase successively by two.

It has also been found that each iterative step gives one
additional term in each of the series without affecting the
terms in the previous step. Hence, each term in the series can
be obtained successively without much difficulty.

At each stage of iteration, errors in satisfying field equa-
tions are due to differences in successive expressions for
transverse normal and shear strains. In view of the earlier
observations about the nature of terms in the series, these er-
rors tend to near zero in the limit. That is, the expressions
derived for w ( o o ) , t> ( 0 0 ) , w (oo) and stress components a^00) and
so on by the present procedure satisfy all field equations for
arbitrary function w0(x,y).

The middle-plane deflection wQ(x,y) is determined from
the surface normal load condition and prescribed boundary
conditions along the edges of the plate. The former gives the
governing differential equation for w0(x,y). The latter condi-
tions that vary with z have to be satisfied for all z in the in-
terval — /z<z</z. For this purpose, one could use any
known procedure for nullification of errors (e.g., least-
squares method, Taylor series expansion, method of
weighted residuals) and generate necessary boundary condi-
tions for the two-dimensional differential problem governing

Here, we restrict ourselves to the derivation of the sixth-
order differential equation governing w0(x,y) that has eluded
several investigators over the past eight or nine decades. For
this purpose, we take the first two terms in the series
previously mentioned for each displacement and stress com-
ponent. They are given as

\-v 6
(17)
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ar=-E'

, = -E' [(1 - v)z+ (/„ + v ̂ -) V2]- dxdy

T« = -£" [ Wo' +g0' V 2 ]—— V2w0

ffz=£"[!/2/0+g0V2]V4w0

where

„, ,12(1 — v)

(19)

(20)

(21)

(22)

(23)

l-x)y| (24)

The expressions for v, ay, and r^ can be obtained from «,
o^., and TXZ, respectively, by interchanging x and y. From
Eqs. (22-24) and the surface normal load condition, we
obtain

10(1- D (25)

where

2 Eh3

When compared with the classical theory, the second term
in Eq. (25) is the correction due to the combined effect of
transverse normal and shear strains on bending deformation.
The coefficient /: = (8-3^)710(1 -v) is used for comparison
with Reissner's theory.

In Reissner's theory, stress resultants along with w0 are
treated as variables and corrective factors due to transverse
shear strains2'3 and, along with normal strain,4 are
associated with stress resultants. For comparison with the
present analysis, we consider Reissner's equation1'2 for w0
that, in the present notation, is given by

3 l -*

where k{ =(8-4*0/10(1 -v). If we replace (2q/D) by V4w0
from Kirchhoff's theory, the equation just given is similar to
Eq. (25) except for a small difference [ = *>/10(l - v ) ] in the
coefficient of the corrective term. Since Reissner's equation
is based on the assumption e^ = 0, the difference (k — k^ in
the coefficient is due to the effect of normal strain on bend-
ing deformations. Reissner has, however, included the effect
of normal strain in the analysis of a later investigation.4

Recently, Cheng5 proposed a refined theory of plates in
terms of three fundamental problems. He treated Navier's
equations of equlibrium as ordinary differential equations
with respect to z and obtained symbolic solutions for the
displacements. These symbolic solutions are then used to
satisfy free surface conditions for the loading case q equal to
zero. By this procedure, a three-dimensional problem is
reduced to three two-dimensional problems governed by a
biharmonic equation, a shear equation, and a third equation
useful for studying edge effects. His expressions for
displacements and bending stresses in the first fundamental
problem are found to be identical to those in Eqs. (17-20).
However, further investigation is required to relate the pres-
ent theory with the three fundamental problems, particularly
the second and third problems, in Cheng's theory.

is the flexural rigidity of the plate.
With regard to edge conditions, one may use weighted

averages and prescribe them, e.g., at x= constant edge

1) f uzdz = u°(y) or [ axzdz = M°x(y) (26)
J — h J —h

2) [ vzdz = v°(y) or ( Txyzdz = M°xy (y) (27)
J — h J — h

3) or (28)
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